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The interval of existence of an IVP is the largest time interval where
the solution is valid.
For instance the IVP y′ = 1− y2y(0) = 0
is solved by y(x) =
e2x − 1
e2x + 1
so the interval of existence is R
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The interval of existence of an IVP is the largest time interval where
the solution is valid.
For instance the IVP y′ = 1− y2y(0) = 0
is solved by y(x) =
e2x − 1
e2x + 1
so the interval of existence is R
while the similar IVP y′ = 1 + y2y(0) = 0
is solved by y(x) = tan x so the interval of existence is
]−pi2 , pi2[
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Separable equations A differential equation is separable if it can be
written in the form y′(x) = a(x) b (y(x)) ,y(x0) = y0, (S)
where a(x) e b(y) are continuous functions defined on intervals Ia and
Ib such that x0 ∈ Ia and y0 ∈ Ib
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Separable equations A differential equation is separable if it can be
written in the form y′(x) = a(x) b (y(x)) ,y(x0) = y0, (S)
where a(x) e b(y) are continuous functions defined on intervals Ia and
Ib such that x0 ∈ Ia and y0 ∈ Ib
In order to obtain existence and uniqueness for solution to (S) we
assume that b(y0) 6= 0
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Theorem
Function y(x) defined, implicitely by:∫ y
y0
dz
b(z)
=
∫ x
x0
a(s) ds (R)
is the unique solution to (S)
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Theorem
Function y(x) defined, implicitely by:∫ y
y0
dz
b(z)
=
∫ x
x0
a(s) ds (R)
is the unique solution to (S)
Example Solve the initial value problemy′ = 4x
√
y
y(2) = 1
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Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.
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Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.
here b(y) = y so using (S)∫ y
y0
1
z
dz =
∫ x
x0
a(s) ds =⇒ ln y
y0
=
∫ x
x0
a(s) ds
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Separable equation: Exampley′(x) = a(x) y(x)y(x0) = y0 (E1)
being a a continuous function.
here b(y) = y so using (S)∫ y
y0
1
z
dz =
∫ x
x0
a(s) ds =⇒ ln y
y0
=
∫ x
x0
a(s) ds
y = y0 exp
(∫ x
x0
a(s) ds
)
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For instance if a(x) = −x
2
the initial value problemy
′(x) = −x
2
y(x)
y(0) = 1
(E1es)
ha solution
y(x) = e−
x2
4
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Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.
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Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.
here b(y) = y2 so using (S)∫ y
y0
1
z2
dz =
∫ x
x0
a(s) ds
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Example y′(x) = a(x) y2(x)y(x0) = y0 (E2)
being a a continuous function.
here b(y) = y2 so using (S)∫ y
y0
1
z2
dz =
∫ x
x0
a(s) ds
−1
y
+
1
y0
=
∫ x
x0
a(s) ds
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so that
y =
1
1
y0
−
∫ x
x0
a(s) ds
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so that
y =
1
1
y0
−
∫ x
x0
a(s) ds
For instance if a(x) = −2x the initial value problemy′(x) = −2x y2(x)y(0) = 1 (E2ap)
has solution
y =
1
1 + x2
9/18 Pi?
22333ML232
Exercise Solve the separable differential equationy
′(x) =
1 + y2(x)
1 + x2
y(0) = a
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Exercise Solve the separable differential equationy
′(x) =
1 + y2(x)
1 + x2
y(0) = a∫ y
a
dz
1 + z2
=
∫ x
0
ds
1 + s2
=⇒ arctan y − arctan a = arctanx
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Thus
y = tan (arctan a+ arctanx)
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Thus
y = tan (arctan a+ arctanx)
But since
tan(α + β) =
tanα + tan β
1− tanα tan β
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Thus
y = tan (arctan a+ arctanx)
But since
tan(α + β) =
tanα + tan β
1− tanα tan β
we infer
y =
a+ x
1− ax
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Homogeneous Equations If f(αx, αy) = f(x, y), and x0, y0 ∈
R, x0 6= 0 such that f
(
1, y0x0
)
6= y0x0 using the change of variable
y(x) = xu(x) the differential equationy′(x) = f(x, y(x))y(x0) = y0
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Homogeneous Equations If f(αx, αy) = f(x, y), and x0, y0 ∈
R, x0 6= 0 such that f
(
1, y0x0
)
6= y0x0 using the change of variable
y(x) = xu(x) the differential equationy′(x) = f(x, y(x))y(x0) = y0
is transformed in . . .
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
u′(x) =
f(1, u(x))− u(x)
x
u(x0) =
y0
x0
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Example y
′ =
y2 − x2
2xy
y(1) = 1
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Example y
′ =
y2 − x2
2xy
y(1) = 1
f(x, y) =
y2 − x2
2xy
13/18 Pi?
22333ML232
Example y
′ =
y2 − x2
2xy
y(1) = 1
f(x, y) =
y2 − x2
2xy
=⇒ f(αx, αy) = α
2y2 − α2x2
2αxαy
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Example y
′ =
y2 − x2
2xy
y(1) = 1
f(x, y) =
y2 − x2
2xy
=⇒ f(αx, αy) = α
2y2 − α2x2
2αxαy
y(x) = xu(x) =⇒
u
′ = −1 + u
2
2xu
u(1) = 1
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Risolvere il problema ai valori iniziali per l’equazione omogeneay
′ =
y2 − x2
2xy
y(1) = 2
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
ln 2− ln(1 + u2) = ln x
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
ln 2− ln(1 + u2) = lnx =⇒ 2
x
= 1 + u2
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
ln 2− ln(1 + u2) = lnx =⇒ 2
x
= 1 + u2
Then solution is
y(x) = x
√
2
x
− 1
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∫ u
1
(
− 2v
1 + v2
)
dv =
∫ x
1
1
s
ds[− ln(1 + v2)]u
1
= lnx
ln 2− ln(1 + u2) = lnx =⇒ 2
x
= 1 + u2
Then solution is
y(x) = x
√
2
x
− 1
Note that solution is defined for 0 < x ≤ 2 and lim
x→0
y(x) = 0
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Equazioni riconducibili a equazioni omogeneey
′ =
3x+ 4
y − 1
y(0) = 2
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Equazioni riconducibili a equazioni omogeneey
′ =
3x+ 4
y − 1
y(0) = 2
• primo passo: risolvere il sistema
3x+ 4 = 0y − 1 = 0
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Equazioni riconducibili a equazioni omogeneey
′ =
3x+ 4
y − 1
y(0) = 2
• primo passo: risolvere il sistema
3x+ 4 = 0y − 1 = 0
troviamo la soluzione x = −4/3, y = 1
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Equazioni riconducibili a equazioni omogeneey
′ =
3x+ 4
y − 1
y(0) = 2
• primo passo: risolvere il sistema
3x+ 4 = 0y − 1 = 0
troviamo la soluzione x = −4/3, y = 1
• secondo passo: cambiamo variabile
u = x+ 4/3v = y − 1
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ottenendo la nuova equazione differenziale (separabile)v′ =
3u
v
v(4/3) = 1
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ottenendo la nuova equazione differenziale (separabile)v′ =
3u
v
v(4/3) = 1
La cui soluzione implicita e` data da
3
(
u2 − 16
9
)
= v2 − 1
17/18 Pi?
22333ML232
ottenendo la nuova equazione differenziale (separabile)v′ =
3u
v
v(4/3) = 1
La cui soluzione implicita e` data da
3
(
u2 − 16
9
)
= v2 − 1
Tornando alle variabili originali otteniamo
3
((
x+
4
3
)2
− 16
9
)
= (y − 1)2 − 1
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Semplificando otteniamo
3
(
x2 +
8
3
x
)
= y2 − 2y
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Semplificando otteniamo
3
(
x2 +
8
3
x
)
= y2 − 2y
Da cui
y = 1±
√
3x2 + 8x+ 1
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Semplificando otteniamo
3
(
x2 +
8
3
x
)
= y2 − 2y
Da cui
y = 1±
√
3x2 + 8x+ 1
Poiche´ y(0) = 2 la soluzione e`
y(x) = 1 +
√
3x2 + 8x+ 1, x >
−4 +√13
3
